On compression of Bruhat-Tits buildings 

Yurii A. Neretin 

Consider an affine Bruhat-Tits building Lat„ of the type A n -i and the complex 
distance in Lat n , i.e., the complete system of invariants of a pair of vertices of the 
building. An elements of the Nazarov semigroup is a lattice in the duplicated p-adic 
space Qp © Qp. We investigate behavior of the complex distance with respect to the 
natural action of the Nazarov semigroup on the building. 

It is well known that affine Bruhat-Tits buildings (see, for instance, pQ, [3], 
7 ) are right p-adic analogs of Riemannian noncompact symmetric spaces. This 
analogy has no a priory explanations, but it exists on the levels of geometry, 
harmonic analysis, and special functions. Some known examples of this parallel 
are 

— Gindikin-Karpelevich's and Macdonald's Plancherel formulae, see jjj; 

— existing of a general theory including Hall-Littlewood polynomials and 
zonal spherical functions, see |5]; 

— similarity in the geometries at infinity (Semple-Satake type boundaries, 
Martin boundary etc.), see @], [T5| : 

— parallel between Horn-Klyachko (see j^j) triangle inequality for eigenval- 
ues of Hcrmitian matrices 1 and the triangle inequality for complex distance in 
buildings 2 

— Existence of a precise parallels of the harmonic analysis of the Berezin 
kernels and of the matrix beta-functions on the level of buildings 3 , see 16 . 

In this note, we continue this parallel and obtain a (quite simple) analog of 
the compression of angles theorem (this theorem appeared in as a lemma 
for boundedness of some integral operators in Fock spaces, see its proof in |12| . 
6.3, and some geometrical discussion in j!4j . see also jH] on its extension to 
exceptional groups) for buildings of the type A n . 

1. Formulation of result 

1.1. Notation. We denote by Q p the p-adic field. By | • |, we denote the 
norm on Q p . Let O p be the ring of p-adic integers. Recall that O p consists of 
elements with norm ^ 1. By Q™ we denote the coordinate n-dimensional linear 
space over Q p . 

By GL„(Q P ) we denote the group of invertible n x n matrices over Q p . By 
GL„(O p ) we denote the group of matrices g £ GL„(Q P ) such that all the matrix 
elements of g and g~ 1 are integer. 

1 Interpretation of this inequality in terms of geometry of symmetric spaces is discussed in 

IT51 

2 Let R, S, T S Lat n (see notations below). To describe possible collections of 3n integers 
{kj(R, S)}, {kj(R,T)}, {kj(S,T)}. It can be easily reduced to the following (unexpectedly 
nontrivial) question solved in 1960-s by Ph. Hall and T.Klein. Let A, B be finite Abelian 
p-groups. For which Abelian p-groups C there exists a subgroup A' isomorphic to A such that 
C/A' ~ B, for a solution, see [8], II.3. 

3 The matrix gamma-function corresponds to the zeta-function of Tamagawa, see V.4. 
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1.2. Space of lattices. A lattice in Q™ is a compact open O p -submodule. 
Recall, that any lattice R can be represented in the form 

i? = OA ©•••©©/„, (o.i) 

where /i, . . . , /„ is some basis in Q™, see §H.2. We denote by Lat„ the 
space of lattices in Q™ (this space is countable, and a natural topology on Lat n 
is discrete). 

The group GL ra (Q p ) acts transitively on Lat„. The stabilizer of the lattice 
O™ is GL„(Q). Thus, 

Lat„ = GL„(Q p )/GL n (O p ). 

1.3. Complex distance. 

Theorem (see, for instance, QHj, Theorem 2.2.2). Let R, S be two lattices 

a) There exists a basis fi } , f n £ such that 

n n 

R = J2°pfi> S = Y / P~ k3{R ' S) ® P f 1 (0-2) 

Integer numbers 

h(R, S) ^ k 2 (R, S) ^ . . . ^ k n (R, S) 
are uniquely determined by the lattices R, S. 

b) If S, R and S' , R' be elements o/Lat„ satisfying 

kj(R,S) = kj(R',S') 

then there exists g G GL„(Q p ) such that 

R = g ■ R', S = g-S' 

We say that kj(R,S) is the complex distance between 5, R (this structure 
is the analog of the complex distance or stationary angles in symmetric spaces, 
see, for instance, [T5]'). 

1.4. Product of relations. Let V, W be sets. A relation H : V =4 W is 
a subset inVxW. 

Let H : V =4 W, G : W =4 Y be relations. Their product G ■ H : V =4 Y is 
a relation consisting of all pairs v x y g V x Y for which there exists w € W 
satisfying vxw<EH,wxy£G. 

1.5. Nazarov semigroup. An element of the Nazarov semigroup r„ is a 
lattice in Q™ x Q™. The product in the Nazarov semigroup is the product of 
relations. 

Remark. It is possible to consider elements of the group GL„(Q p ) as points 
of the Nazarov semigroup at infinity. Indeed, for g £ GL„(Q p ) consider a 
sequence of lattices Zj C Q™ © Q™ such that 

1 [ j=l u k=j ^] 
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coincides with the graph of g. For each lattice R C Q™, we have Zj ■ R = g ■ R 
starting from some place j. 

Remark. Nazarov semigroups are p-adic analogues of semigroups of linear 
relations (see The main nontrivial property of the Nazarov semigroups 

is the following statement. The Weil representation of Sp(2n, Q p ) (see |17|1 
admits a canonical extension to representation of a Nazarov semigroup related 
to buildings of the type C n , see ^UJ; El- It seems that this statement must have 
many corollaries (due to possibilities of the Howe duality) , these corollaries never 
were discussed in literature. 

1.6. Action of the Nazarov semigroup on Lat„. Consider H £ r n , 
R G Lat„, We define HR s Lat„ as set of all w G Q™ such that there exists 
v G R satisfying v x w G H . 

1.7. Result of the paper. The main result of this paper is the following 
theorem. 

Theorem. Let H be an element of the Nazarov semigroup T n . Let R, 
S G Lat„ . Then for each j the number kj (H ■ R, H ■ S) lies between and 
kj(R, S), i.e., 

k 3 (R, S)^0 implies < kj(H ■ R, H ■ S) < k 3 (R, S) 
kj (R, S)^0 implies ^ kj(H ■ R, H ■ S) > k 3 (R, S) 

Remark. In the case of Riemannian symmetric spaces, there exists an 
inverse theorem about characterization of all angle-compressive maps I do 
not know such statements in the p-adic case. 

2. Proof 

2.1. Norms. A norm on Q™ is a function v i— > ||u|| from to the set 

{...,fT\l,p,p 2 , ...} 

satisfying the conditions 

1. \\v + w\\ < max(||«||, ||u;||) 

2. ||A»|| = |A||M| for A G Q p , v G Q™. 

The set of all v, such that \\v\\ ^ 1, is a lattice. 

Conversely, let I be a lattice. We define the corresponding norm || • \\l by 
the rule 

\\v\\l := ( min p k ) 

\k: p k v<=L / 

2.2. Minimax characterization of the complex distance. The follow- 
ing statement is an exact analogue of the standard minimax characterization 
of the eigenvalues (see, for instance, 0) and of the stationary angles (see, for 
instance [TSJ- The proofs also is similar. 

Lemma 1. For L, M G Lat„ 



3 



a ) pkj{R,s) _ max 



^ mm tt— — ^ 

b) pM«.*)= min f max M^j 

Proof. Let J?, 5 have the form (0.2). Consider the subspace Y = Q p fj © 
• • • © Q P fn- We have |M|fl/|M|s < P k] for each v eY 

If dimWj = j, then Y HW ^ 0, and hence min^iy IMk/IMIs < P k} ■ 

For W = Qp/i © • • • © Qp/, we have min^w/ ||v = / J • □ 

2.3. Another characterization of the complex distance. The follow- 
ing statement is obvious. 

Lemma 2. Let L, M e Lat„. Then we have the following isomorphisms of 
finite Abelian p- groups: 

M/(LC\M)= Z/p k ^ L ' M) Z 

j: fcj(L,M)>0 

L/(LC\M)= Z/p~ k ^ L ' M ^Z 

j: kj(L,M)<0 

2.4. Duality and complex distance. Denote by (Q_p) D the linear space 

we cc 

consisting of linear functional / <E (Qp) n such that 



dual to Q™. For a lattice i G Lat„ we consider the dual lattice L u C (Q™ 



!)£L => /(«) G O p 
Lemma 3. kj{L,M) = k {M a ,L n ). 

2.5. Complex distance and intersections of lattices. 

Lemma 4. Lef M, N e Lat„. Then for all j , the number kj(LC\M, LnN) 
lies between and kj(M,N). 

This statement is a corollary of Lemma 1 and the following Lemma 5. 

Lemma 5. For v e Qp 1 , £/ie number ||w||i,nAf/||u||LnJV Kes between 1 and 

IMIm/IMU- 

Proof. Denote 

l °g P \\v\\L = l, logp ||u||m = m, \og p \\v\\ N = z, 

Then 

logp H^llinM = max(Z, m), log p |[u||z,njv = max(Z, z) 
It remains to observe that max(Z, to) — max(Z, z) lies between and I — z. 

2.6. Complex distance and sums of lattices. 

Lemma 6. Let L, M, N e Lat„. Then kj(L + M,L + N) lies between and 
kj(M, N). 
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Proof. For P, Q e Lat„, we have 

(P + Q) a = P a nQ a 

By the duality consideration, our lemma is equivalent to Lemma 4. 

2.7. Notation. Let S C Q™ © Q™ be an element of the Nazarov semigroup. 
We define 

- its kernel Ker S = S n (Q£ © 0), 

- the domain Dom 5 be the image of 5 under the projection Q™ © Q™ — ► 

Q£©o, 

— the image Im 5 be the image of S under the projection Q™ ©Q™ — > OffiQJJ , 

— the indefiniteness Indef S be the intersection S (~l © Q™ 
Evidently, all the sets DomS, KerS*, Indef S, ImS are lattices in Q™. 

2.8. Proof of Theorem. Let S G T n . We have 

ScDom5eIm5, S D Ker S © Indef 5. 

Consider the (finite) factor-group 

Y := (DomS/ Ker S) © (im S/ Indef S) 

and the image a of 5 in Y. It can be easily be checked that a is a graph of an 
isomorphism 

Dom S/ Ker S -» Im 5 1 / Indef S 1 

In particular, these two groups are isomorphic. 
Hence, by Lemma 2, 

fcj (Dom S, Ker 5 1 ) = % (Im S, Indef 5 1 ) 

This implies an existence of a (non canonical) element gs & GL„(Q p ) such that 

g s ■ DomS = ImS, ff5 • Ker S = Indef 5 

For any L G Lat„, we have 

S-L = g s - [L n DomS) ©Indef 5 

It remains to apply Lemma 4 and 6. 
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